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This section describes the equations of motion 
for a rigid body spacecraft that is controlled by 
reaction control jets (RCS), and also an array 
of momentum exchange devices, such as, 
reaction wheels (RWA), single-gimbal control 
moment gyros (SG-CMG), and double-gimbal 
control moment gyros (DG-CMG). Equations 
of a spacecraft with rotating appendages are 
also included. The Flixan program provides 
the capability to synthesize any spacecraft 
configuration consisting of: RCS, RWs, 
CMGs, and gimbaling appendages, or any 
combination of the above devices. Structural 
flexibility can also be included and 
implemented as a separate flex system coupled 
with the rigid-body model. It requires using the flexible spacecraft modeling program and modal data with 
nodes at the actuator and sensor locations, as demonstrated in the examples. 

Reaction wheels consist of a spinning rotor whose spin axis is fixed relative to the spacecraft and its spin 
rate is maintained close to zero. Its speed is increased or decreased to generate a reaction torque about the 
spin axis. They are inexpensive but their control torque capabilities are small and are typically used to control 
small 3-axes stabilized satellites. Figure 1a shows a typical reaction wheel (RW) with the control 
electronics. Its angular rate can be varied by applying a torque to the motor that rotates it about its spin axis. 
As the wheel accelerates it applies an equal and opposite reaction torque to the spacecraft that is used to 
control attitude. In general, a three axes stabilized spacecraft requires a RW array consisting of at least three 
reaction wheels. 

Figure 1b represents a rigid-body spacecraft with a RW and an externally applied force F. The spacecraft 
origin is at the CG. The unit vector ai defines the spin direction of wheel (i). A force vector Fj defines an 
external force (j), for example, due to an RCS jet firing. The displacement dj represents the distance between 
the force Fj application point, and the vehicle CG (assuming the mass properties include the wheels). By 
combining the reaction wheel assembly (RWA) spin column vectors ai together we can create a 
transformation matrix b

wC that transforms the wheel momentum from individual wheel axis to spacecraft 
body axes (x, y, z). For example, if we are using four reaction wheels the transformation from wheel to body 
is shown in equation 1.1. The transformation from body to wheel is the pseudo-inverse of b

wC . 
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The following equations describe the non-linear dynamics of a spacecraft with reaction wheels and reaction 
control jets that can be used for large angle simulations. The rate of change of system momentum (total 
momentum of spacecraft plus wheels) is not affected by the internal wheel control torques but it is only 
affected by the external torques due to disturbances or the RCS jets torques.  
H H T System Angular Momentum Ratesys b sys ext= − × +ω

   (1.2) 
 
Text is the sum of all external moments applied to the spacecraft. It consists of three terms: aerodynamic 
disturbance torques TD, gravity gradient torques TGG, and also the control torques generated by the reaction 
control jets FRCS(j). 
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Figure 1a Typical Reaction Wheel with Control Electronics 

 
When the spacecraft has an orbital rate ω0 (rad/sec) the gravity gradient torque is a function of the LVLH 
Euler angles (φ, θ, ψ), as described in equation 1.4. 
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The spacecraft with reaction wheels model can be implemented in two forms. In the simplest form the 
momentum of the reaction wheel array is calculated in the body frame. This model does not keep track of 
the individual wheel speeds and it does not calculate the torque produced by each individual wheel on the 
vehicle. Only the combined RWA torque is calculated, which is fine if the wheels are collocated. The 
following equation calculates the spacecraft rotational accelerationω  as a function of the RWA internal 
torque vector Tw and also the external torques Text. The second equation calculates the rate of change in RW 
momentum as a function of the torque generated by the wheels, which is opposite to spacecraft torque. 
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Figure 1b Spacecraft with a Reaction Wheel and an External Force 

 
Where: 
hb  is the RW array momentum in the spacecraft body frame.  
TRW  is a vector of RW torques in spacecraft body axes 
Text is the external torques applied to the spacecraft in body axes 
Jv  is the spacecraft moment of inertial dyadic 
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A single gimbal control moment gyroscope (SGCMG) is shown in Figure 2.1. It consists of a spinning rotor 
that is mounted on a structure that can be gimbaled perpendicular to the rotor axis. The rotor spin rate is 
maintained at a constant speed by a small motor that produces a constant angular momentum h. It is the 
precession of this vector that produces a useful output torque that is substantially greater than a reaction 
wheel torque, and for this reason it is very attractive in applications that require high torque and in fast 
maneuvering or agile spacecraft. The direction of the spinning rotor and hence the flywheel momentum can 
be rotated relative to the spacecraft by a stronger motor and a gimbal. The gimbal motor controls the 
gimbaling rate, and hence the output torque. By commanding the gimbal to rotate, by means of a servo 
system that receives rate command from the steering logic, high precession torques are generated by 
changing the orientation of the angular momentum vector. The reaction torque on the spacecraft T is equal 
and opposite to the rate of change in momentum vector h , which is orthogonal to the momentum vector h 
and also to the gimbaling vector according to the right hand rule. However, the torque direction at any 
instant is a function of the gimbal position. The SGCMG essentially acts as a torque amplification device 
because the output torque magnitude is equal to the CMG momentum multiplied by the gimbal rate. In 
addition, this does not require very much power, because, a small input torque from the gimbal actuator 
produces a much greater torque in a plane formed by the rotating momentum vector.  
 
2.1 CMG Array Geometry 
 

 
Figure 2.1a Single-Gimbal Control Moment Gyro 
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Figure 2.1b Single Gimbal Control Moment Gyro 
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Figure 2.2 Orientation of a CMG in Spacecraft Coordinates 

Let us consider a SGCMG pyramid arrangement shown in Figure 2.4b, where the spacecraft has four 
SGCMGs mounted onto the four faces of the four sided pyramid. All CMGs have the same constant angular 
momentum h0=1200 (ft-lb-sec). Their CMG momentum vectors hi are initially (at zero gimbal, δ0i=0) 
parallel to the spacecraft X-Y plane producing zero total momentum. Their momentum vectors are 
constrained to lay parallel to the surface of the pyramid and they can be continuously rotated about the 
gimbal vectors δi, which are perpendicular to each surface. The orientation of each CMG relative to the 
spacecraft is shown in Figure 2.4b. The pyramid angle β is 68°, and the γi angles of the four surfaces 
according to Figure 2.2 are: 90º, 180º, 270º, and 0º. We can create the 3x4 gimbal to body transformation 
matrix b

gM  by stacking together the four gimbal direction column unit vectors mi as shown in equation 2.5. 
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Figure 2.4 Arrays of five and four CMGs in Pyramid Configuration 
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Similarly, we create the 3x4 reference directions matrix R by stacking together the initial directions unit 
vectors ri of the momentum vectors hi when the gimbal angles are zero, δ0i=0. In this orientation the initial 
gimbal angles produce zero momentum bias. 
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We must also define a third 3x4 Quad-matrix Q that contains column vectors of the cross product direction 
unit vectors qi.  
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Figure 2.6 A Single-Gimbal Control Moment Gyro and a Cluster of four Single Gimbal CMGs mounted on a pyramid 
structure which is isolated from the spacecraft by means of disturbance isolation struts 

 
Notice, that the pyramid structure is only used for visualization. The CMGs do not have to be physically 
mounted on the four surfaces of an actual pyramid, as in Figure 2.4, but they can be translated anywhere on 
the spacecraft as long as their gimbal axes (mi) and their reference momentum vectors (ri) are parallel to the 
directions shown in the pyramid. See, for example, the CMG cluster in Figure 2.6. The CMGs are typically 
mounted on a structure that it is mechanically isolated from the spacecraft by means of vibration isolation 
struts, as shown in Figure 2.6, that attenuate mechanical vibrations from the CMGs. 
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In this section we will demonstrate how to generate linear spacecraft systems using the Flixan Flight Vehicle 
Modeling program. We begin with a Space Station model that is controlled by a centralized momentum 
control system. Then we will analyze a spacecraft that is controlled with an array of 4 Single Gimbal CMGs. 
Our third example is a spacecraft that is controlled by an array of 3 Reaction Wheels and it includes 4 
gimbaling appendages. 
 
5.1 Flexible Space Station Model with a Centralized Momentum Control System 
 
The following “Flight Vehicle” dataset was created for Space Station model that is controlled by a 3-axis 
momentum control system such as a cluster of double-gimbal CMGs. In this case we will not model the 
detailed CMG steering but use the simple generic model described in Section 3. The Space Station Example 
is in folder “C:\Flixan\Examples\Large Space Station”, and the input file that contains the spacecraft data is 
in file “SpaceStation.Inp”. This file contains two data-set models, a rigid and a flexible model, to be 
processed by the flight vehicle modeling program. The file also includes a modal data set of 34 selected flex 
modes to be combined with the flex model, and Matlab conversion data-sets. The title of the flexible vehicle 
set is “Space Station with RCS and a Double-Gimbal CMG Array” and it includes 8 force inputs 
representing the reaction control thrusters, 3 external torques (roll, pitch, and yaw), a centralized momentum 
control system, 3-gyros, 3-rate-gyros, and 4-accelerometers. A set of 34 selected structural modes is 
included in the input file, and the modal data title also included at the bottom of the spacecraft dataset. The 
dataset for this configuration is shown below. 
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The flight vehicle modeling program will process the above spacecraft dataset, including the following 
dataset which is referenced by title and contains the selected modal data for the flexible space-station model. 
It is located in the same input file and includes frequencies (rad/sec), damping coefficients (ζ), modal mass, 
and mode shapes and slopes at selected locations. Only the first mode is shown. The locations correspond to 
the locations specified in the spacecraft dataset above. 
 
To process this dataset using the flight vehicle modeling program start the Flixan program, select the project 
directory, then go to “Program Functions”, “Flight Vehicle/ Spacecraft Modeling Tools”, and then “Flight 
Vehicle State-Space”. From the following menu select the input and system filenames and click on “Process 
Files”. 
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The following menu shows the “Flight Vehicle” datasets which are in file “SpaceStation.Inp”. Select the 
second one and click on “Run Input Set” to process it. 
 

 
 
The flight vehicle modeling program reads the data and presents the dialog below that shows the spacecraft 
parameters prior to processing in tabs. Click on “Run” to process the dataset and the program will create the 
spacecraft state-space system in file “SpaceStation.Qdr”. 
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The table below shows the Space Station system 15 inputs and 24 outputs. The system has 8 RCS jet force 
inputs providing forces in the directions defined in the input data. Actually, the inputs are defined as throttles 
rather than forces which are the ratios of “force divided by max force”. There are 3 control torques in roll, 
pitch and yaw, provided by the centralized CMG cluster. We have also included 3 external torques for 
disturbance analysis. The last input is an additional disturbance torque in the direction defined in the input 
data. 
 
The system outputs are the standard flight vehicle model outputs. Some of them are not useful for this 
application and they can be removed from the model. The set includes 3 gyros, 3 rate gyros, and 4 
accelerometers at the locations defined in the input data. The last 3 outputs are the CMG momentum in 
spacecraft roll, pitch, and yaw axes. Actually they are variations in the CMG momentum from nominal 
momentum because this model is linear. 
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